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ABSTRACT 

We investigate the question of when distinct branched surfaces in the complement of 
a 2-bridge knot support essential surfaces with identical boundary slopes. We determine 
all instances in which this occurs and identify an infinite family of knots for which no 
boundary slopes are repeated. 



2 Repeated boundary slopes for 2-bridge knots 


1. Introduction 

The essential surfaces in the complement of a 2-bridge knot were classified by 
Hatcher and Thurston in [T5]. If K = K(a,fi) is a 2-bridge knot, the surfaces are 
supported by branched surfaces S[ni,ri 2 , ...,rifc], where 


is a continued fraction expansion of P/a. Each such branched surface may support 
one, two or infinitely many connected, non-isotopic essential surfaces, all with the 
same boundary slope. 

Boundary slopes of essential surfaces have become increasingly important com¬ 
putationally, for example in the computation of Culler-Gordon-Luecke-Shalen semi¬ 
norms (see m, nuni and m), SLr>( C) Casson invariants (see [II], [2], [3], and 
0), and ^-polynomials (see and a)- Thus, we have become interested 

in the question of when distinct branched surfaces support surfaces with identical 
boundary slopes. We call such boundary slopes repeated boundary slopes. Such 
slopes correspond to distinct families of ideal points in the character variety of 
K(a,P), and they may correspond to points on distinct curves in the character 
variety. Accordingly they may contribute to distinct factors of the A-polynonrial, 
and their contributions will add to give the weight of the boundary slope in the 
Culler-Gordon-Luecke-Shalen semi-norm. To better understand this phenomenon, 
we began with 2-bridge knots, as here both the essential surfaces and to a lesser 
extent the character varieties are well-understood. (See for example [4j, [T9j, and 


H-) 

In Corollary |4.2| we characterize precisely when such repeats occur. From this 
chacteriz ation it is clear that this will happen frequently. However in contrast in 
Theorem |4.5| we identify infinite families of knots for which no repeated boundary 
slopes occur. 

We briefly outline the contents of the paper. In Section 2 we review Hatcher 
and Thurston’s branched surfaces £[ni,..., n*,] along with the associated essential 
surfaces and their boundary slopes. In Section 3 we develop an algorithm for de¬ 
termining all continued fraction expansions for a given fraction, thereby identifying 
in a new way all of the Hatcher-Thurston branched surfaces for a given knot. Fi¬ 
nally in Section 4 we determine the boundary slopes of the associated surfaces. We 
provide our own examples of repeated boundary slopes arising from certain symme¬ 
tries and note the prevalence of repeated boundary slopes not arising from any clear 
symmetry. Finally we provide an infinite family of knots which have no repeated 
slopes. 


2. Incompressible surfaces for 2-bridge knots 

Throughout the paper, let K = K(a , P) be a 2-bridge knot, where a > 0. Recall 
that the mirror image of K(a, ft) is K (a, — /?), and since two 2-bridge knots K(a, P) 
and K(a',/3') are equivalent if and only if a = a! and /?' = mod a , we note 
that K(a, —p) is equivalent to K (a, a — ft). Thus, replacing K(a, p) with its mirror 
image if necessary, we assume 0 < /3 < a/2. (For details on these equivalences, see 
0 .) 

We begin with a review of Hatcher and Thurston’s results. A surface S in a 
3-manifold-with-boundary M is said to be incompressible if for any disc D C M 
with D D S = dD , there exists a disc D' C S , with dD' = dD. A surface S is d- 
incompressible if for each disc D C M with D D S = d+D and D fl dM = d-D 
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there is a disc D' C S with d + D' = d+D and d-D’ C dS. A surface S' C M is 
essential if it is both incompressible and ^-incompressible and if no component of 
S is boundary-parallel. 

If M is the complement of a tubular neighborhood t(K) of a knot K in S 3 , 
where m and t are the meridian and longitude of K 1 respectively, then any essential 
surface S in M has boundary a collection of parallel curves on dM. The homology 
class of these curves may be described as pm + ql for some relatively prime integers 
p and q, and we call p/q the boundary slope of S. 

Let K(a,j3) be a 2-bridge knot, and let 


P 

a 


n i 


n 2 +- 


be a continued fraction expansion of p/a. Henceforth we denote such a continued 
fraction expansion by [n\, 

The knot K bounds a branched surface consisting of twisted bands plumbed 
together as shown, where at each plumbing we attach two disks: both the horizontal 
square depicted and its complement in the plane shown, compactified via a single 
point at infinity. This branched surface carries a family S n (t\, of surfaces, 

where n > 1 and 0 < U < n consisting of n parallel copies of each band joined by 
ti copies of the outer plumbing disk and n — U copies of the inner plumbing square 
at the i th plumbing. 



half-twists 


Figure 1. The branched surface corresponding to [ni,ri 2 , ...,rifc] 
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Please note that our convention on the signs of the twisted bands follows that 
of Ohtsuki in m and differs from that of Hatcher and Thurston in [15] . 

The following theorem is a combination of results from [18] . Theorem 1, Pro¬ 
postion 1, and Proposition 2: 

Theorem 2.1. A surface in S 3 — t(K(cx, 0)) is essential if and only if it is iso¬ 
topic to one of the surfaces S n (t±, for a continued fraction expansion N = 

[ni, ri 2 , nk] of 0/a for which \n/\ > 2 for every i. These surfaces satisfy the 
following properties: 

• Surfaces corresponding to distinct continued fraction expansions of 0/a are 

not isotopic. Isotopy among surfaces S n (ti, £ 2 , 4-i) corresponding to 

a single continued fraction expansion \n\, n 2 , n*] is determined by the 

relation: S n (ti,t 2 , —,tk- 1 ) is isotopic to S n (t\,t 2 , 4-1 +1,4 +1, ..,4- 1 ) 
if |n,;| = 2. If i = 1 this means that S n (ti,t 2 , ..., 4-i) is isotopic to S n (ti + 
1 , t 2 ,..., 4 - 1 ) an d similarly for i = k. 

• The surfaces S n (ti,t 2 , 4- 1 ) are connected if and only if n = 1 , or n = 2 
and at least one quotient rij is odd, or n > 2 and at least two of the quotients 
Hi are odd. 

• The boundary slope of the surface S n (ti, t 2 , ..., 4-i) given by 

2[(n+ -n~) - « - no )] 

where n + = #(— l)* +1 nj > 0, n _ = #(—l) l+1 ni < 0, and n// and riff are 
the analogous counts for the unique continued fraction expansion of 0/a 
with each ni even. 

It follows from this theorem that a given branched surface may support one, 
several, or infinitely many connected, non-isotopic essential surfaces in the knot 
complement, all with the same boundary slope; indeed, the theorem completely 
identifies when this occurs. We are interested in the question of when a knot 
complement contains non-isotopic surfaces which are supported by distinct branched 
surfaces with identical boundary slopes. 

Definition 2.2. A boundary slope of a 2-bridge knot K(a,0) is repeated if there 
exist distinct continued fraction expansions [ni, n 2 ,..., Uk\ and [mi, m 2 ,..., mi] such 
that the boundary slopes of S n (ti, t 2 , ...,4) and u 2 ,..., ui) are equal. 


3. Continued fraction expansions 

In order to identify instances of repeated boundary slopes, we must better 
understand how to generate the collection of all continued fraction expansions 
[ni,ri 2 , ...,rifc] of a given fraction 0/a with |n*| > 2 for every i. 

First, note that any fraction 0/a may be represented by a unique continued 
fraction expansion M = [?ni,m 2 , ...,Wfc] with all mi > 0 and mk > 2. To generate 
this expansion, choose each to be maximal such that [mi,m 2 ,...,m,] > 0/a. 
Note that here some Wi with i 7 ^ k may equal 1, in which case M will not corre¬ 
spond to a branched surface supporting essential surfaces in the knot complement. 
Nonetheless we use M to generate all of the continued fraction expansions of 0/a 
which do support essential surfaces. 

To find all desired continued fraction expansions of 0/a we use the following 
relations, where a is an integer greater than 1 in the first equation and a positive 
integer in the second, and where x is a nonzero rational number: 
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1 

a 


1 


CL + 


1 

x 


— a 
a —1 


-2 + 


2 +- 


ax + 1 


1 (a — l)a: + 1 
ax + 1 

1 

1 


-2 + 


2 +- 


'±(*+ 1 ) 


(3-1) 


(3-2) 


Here, in each case there are a— 1 terms in the alternating sequence —2, 2, —2,2,±2, 
and in the second formula the sign of x + 1 is chosen to have the opposite sign 
of the final term in the sequence — 2 , 2 , — 2 , 2 ,.... ± 2 , so that the entire sequence 
—2, 2, — 2,2,±2, =p(x + 1) is alternating. Note that equation (3.1) is a special 
case of equation (3.2) if we set x = 1 and replace a in equation (3.2) with a — 1. 

We will use these relations to identify all continued fraction expansions of /3/a. 
First we require two definitions. Let M = [mi, m 2 , ...,mfc] be the unique continued 
fraction expansion of /3/a such that m, > 0 for 1 < i < k and m^ > 2. 


Definition 3.1. An allowable sub-tuple for M is an ordered sub-tuple (*i,* 2 ,... ,ij ) 
of ( 1 , 2 ,..., k) satisfying: 

• |^+i - u\ > 2 for 1 < t < j - 1 


• If nii = 1 for any i in { 1, 2,..., fc} then at least one of i — 1, i, or i + 1 is 
included in (*i, * 2 , •••, ij) 

Definition 3.2. Let I = (ii, * 2 , ..., ij) be an allowable sub-tuple for M. The corre¬ 
sponding continued fraction Mi for (3/a is the continued fraction expansion obtained 
from M as follows: 

• For 1 < I < j replace mi e with an alternating sequence —2, 2, —2,.... ±2 of 
length m.i e — 1. If uii t = 1, this means that the term is simply deleted from 
M. 


• For 1 < I < j, add 1 to each of and m( i<+1 ). Note that if 

\ie+i — ie\ — 2 this means we add 2 to If i^ = 1, then only m 2 

is adjusted, and if it = k then only mk-i is adjusted. 

• Adjust the sign of each term of the resulting sequence by multiplying each 
mi or every term of its replacement by iw-ir**- 

As an example, note that if a = 73 and /3 = 26, then M = [2,1,4,5]. If 
/ = (2,4), a sub-tuple of (1, 2,3,4), then Mj = [3, — 6 ,2, —2, 2, —2]. 

Proposition 3.3. Let K(a, (3) be a 2-bridge knot in S 3 , and let M = [mi, m 2 ,..., ink} 
be the unique continued fraction expansion of f3/a such that m j > 0 for 1 < i < k. 
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The continued fraction expansions of /3/a corresponding to branched surfaces sup- 
porting essential surfaces in S 3 — t(K) are precisely the continued fractions Mi 
corresponding to allowable sub-tuples I for M. 

Proof. Note that the corresponding fraction M; is obtained from M by applications 
of (3.2) to each of the quotients mq,m, 2 ,m,._ 1 and by applying either (3.1) if 
ij = k or (3.2) if ij < k to m l . Thus Mi is a continued fraction expansion of 
/3/a. Moreover the second condition of Definition 3.1 ensures that each quotient of 
Mi = [gi,( 72 , q u \ will satisfy |g,| > 2 for each i, so the corresponding branched 
surface will support essential surfaces in the knot complement. It remains to be 
seen that any continued fraction expansion of /3/a which supports essential surfaces 
in the knot complement is of the form Mi for some allowable sub-tuple /. 

Let N = [ni,ri 2 ,tt.^] be any continued fraction of (3/a for which |rij| > 2 for 
every j. Let i\ > 0 be minimal such that rq, < 0. Form a new continued fraction 
expansion P\ from N as follows: 

• If zi > 1, subtract 1 from n(q_i). 

• Let j\ > i\ be minimal such that either \rij 1 \ ^ 2 or sign nj 1 = sign n( jl+ i). 
Replace the (ji — *i)-tuple (nq, n/q+i),..., ri(q_i)) with the number j\ — 
*1 + 1. (Here note that if j\ = i\ we simply insert a 1 before n-q.) 

• Replace Uj 1 with | n.q| — 1. 

• Multiply all terms nj with j > ji by (—l)0'i _ *i+i)_ 

Note that N is obtained from Pi by applying (3.2) (or applying (3.1) if i\ = £) to 
Pl, letting a be the i\ h term of Pi. Therefore Pi is a continued fraction expansion 
of /3/a. Moreover the terms of P\ replacing the first j\ terms of N are all positive. 

Repeat the process above with Pi in the role of N to form a continued fraction 
expansion P 2 from Pl, letting *2 > 0 be minimal such that the i*f l term of Pi is 
negative. Note that *2 > i\ since the first i\ terms of P\ are positive by construction. 

Iterate as needed to obtain a continued fraction expansion P r = \pi,p 2 , ...,p s ] of 
/3/a with pi > 0 for every i, together with a sub-tuple (*i, * 2 , •••) it) of (1, 2,..., s). If 
p s 7 ^ 1 then P r is a continued fraction expansion of (3/a with pi > 0 for every i and 
with final term > 2. It follows that M = P r . If p s = 1, then again by the uniqueness 
of M we have M = [pi,p 2 , JP(»— 1 ) + 1]- Therefore if i t < s we see by construction 

that N = Mi, where I = (*i, * 2 ,..., it)- Finally, if it = s note that M is obtained 
from P r by applying (3.1) with a = p s . Hence N = Mi, where / = (*i, * 2 ) H-i)- 

□ 

Thus the branched surfaces of interest to us arise from the various continued 
fraction expansions Mj for allowable sub-tuples I for M. In the final section we 
determine the boundary slopes of the corresponding surfaces and examine the preva¬ 
lence of repeated boundary slopes. 

We remark that the description of continued fraction expansions in terms of 
allowable sub-tuples provided here may be reinterpreted geometrically in terms of 
the state surfaces (or essential spanning surfaces) studied in [20], pQ, [13], [14] , [15] , 
m , and m- Specifically, the continued fraction M corresponds to an alternating 
2 -bridge diagram of the knot, and a choice of allowable sub-tuple corresponds to 
a choice of chains of 1/2-twists which are to be resolved vertically in the 2-bridge 
diagram picture. All other chains of 1/2-twists are resolved horizontally, giving a 
choice of state circles for the knot. When these are joined by half-twisted bands an 


Repeated boundary slopes for 2-bridge knots 


7 


essential surface with boundary the knot is obtained. We will not use this geometric 
interpretation here, but this may be of independent interest. 

4. Repeated boundary slopes 

Now recall that the boundary slope of the surfaces supported by a given branched 
surface are given by 

2 [(n + — n~) - «-rio)] 

where n + = #(—1 ) l+1 rii > 0, rT = #(—l) i+1 ?Xj < 0, and nj and n q are the anal¬ 
ogous counts for the unique continued fraction expansion of (3/a with each n.i even. 
Since n/f and n/f are independent of the sub-tuple I, the continued fraction expan¬ 
sions Mj and Mji give rise to surfaces with identical boundary slopes if and only if 
the corresponding values n + — n~ agree. Our next proposition gives a formula for 
n + — n~ in terms of M and I. 

Theorem 4.1. Let I = (*i, i 2 ,..., ij) be an allowable sub-tuple of (1, 2,..., A;), and 
let Mj be the associated continued fraction expansion of /3/a. Then 

j 

n + —n~ = 6 + YX-iy‘m ie , 
t=i 

where 8 = 0 if k is even and 5 = 1 if k is odd. 

Proof. Partition M into pairs for each i odd, i < k, leaving m*, as a 

singleton if k is odd. We determine the contribution of each pair to n + — n~ for 
Mj. 

Since for any allowable sub-tuple we have \ie+i — it | >2 for 1 < i < j — 1 at 
most one of i and i + 1 is in I. If neither i nor i + 1 is in / then the terms in Mj 
corresponding to m, and ?n ,;+1 in M have the same signs. Then one contributes to 
n + and the other to n ~, and the pair contributes 0 to n + — n~. 

If i £ I then the chain of terms in Mj corresponding to the pair 1 ) 

is the alternating sequence ie<i (— l) mif [—2, 2,..., q 2. ±y\ of length ?n,;, where 

y = + 1 if i + 2 ^ / and y = r?Zj+i + 2 if i + 2 € I. The number of terms of 

Mi before this chain is 

Y 1+ H (m s - 1) = X! 1+ Y ms+ Y ( _2 )- 

s<i,s£I s<i,sG/ s<i s<i,sG/ s<i,s€l 

In this final expression, since i is odd, the first sum is even, and clearly the last sum 
is even. Further even ^ anc ^ on ^ ^ Tl^e/ * <j( — l) m<€ is 1- Thus, 

the chain of terms in M/ corresponding to 1 ) either begins with a negative 

number in an odd position or begins with a positive number in an even position. It 
follows that the entire chain contributes to n~ , and the contribution of the chain 
to n + — n~ is -m; = (—l^TOi. 

If i + 1 € I then the chain of terms in Mi corresponding to the pair (mi, m,;+i) 
is the alternating sequence JI- e / i e <*( — [z, —2, 2 ,..., =f2 ] of length ?n,:+ 1 , where 
2 : = mi +1 if i —1 ^ / and 2 = mi+2 if i— 1 e I. As above, the sign n, fe / l) mif 
of this chain is positive if the number of terms in Mi before the chain Yls<i 1 + 
12s<i sei m s + X)s<i s g/(~2) is even. Thus, the chain of terms in Mi corresponding 
to (mi,TOj.|-i) either begins with a positive number in an odd position or begins 
with a negative number in an even position. It follows that the chain contributes 
to n + , and the contribution of the chain to n + — n~ is rrij+i = (—l)* +1 mj_|_i. 
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Finally consider the contribution of mk if k is odd. If k ^ I , this becomes a single 
term in Mi equal to either J| ifgj (— l) mifTO fc if k— 1 ^ / or £J (—l) m ^mfc + l if k— 
1 € /. As before we find this is either a positive number in an odd slot or a negative 
number in an even slot, so the term contributes 1 to n + . On the other hand if k £ I 
then the corresponding chain of terms in Mj is i,<k(~ l) mif [—2,2, —2,... =F 2] 

of length nik — 1. Using a similar analysis as that above, we find this chain either 
begins with a negative number in an odd slot or begins with a positive number in an 
even slot. Therefore the chain contributes to n~ , and we see that the contribution 
to n + — n~ is — (mk — 1 ) = (— l) k rrik + 1 . 

Adding these contributions yields n + — n~ = 5 + as desired. 

□ 


The following corollary is immediate, since S depends only on M: 

Corollary 4.2. Let AT (a, /3) be a 2-bridge knot, and let M = [m i, m 2 ,..., to*,] be the 
unique continued fraction expansion of /?/a for which rrii > 0 for i = 1, 2,..., k and 
mk > 2. Then K has a repeated boundary slope if and only if there exist allowable 
sub-tuples I = («i, * 2 ,..., ij) and J = of (1,2,..., k) such that 

3 f- 

^](-l) lfl m ls = ^(-1 ) H m h . 

s=l i=l 

Thus, it is easy to build examples of knots with repeated boundary slopes. One 
collection of examples arises from symmetry. As above, let K(a,(3) be a 2-bridge 
knot in S 3 , and let M = [mi, m 2 ,..., m.fc] be the unique continued fraction expansion 
of /3/a such that m; > 0 for 1 < i < k and nik > 2. We restrict our attention to 
knots K for which M is symmetric, so that k is odd and m; = nik+i-i for 1 < i < k. 
In this case it is particularly easy to find examples of repeated slopes. 

Definition 4.3. Let I = (* 1 , 12 , be an allowable sub-tuple for M. The dual I 

of I is the sub-tuple (k + 1 — ij, k + 1 — ij- 1 ,..., k + 1 — i\). 

Proposition 4.4. Assume M satisfies the symmetry conditions that k is odd and 
nii = mk+i-i for 1 < i < k. Then for any allowable sub-tuple I, the boundary slopes 
of surfaces corresponding to Mi and Mj are equal. 

Proof. This is an immediate application of Theorem |4.1| We have 


slope for Mi = 1 + y ^(—1 ) 8 'm if 

(4.1) 

hei 


= l + £(-l ) k+1 ~^m k+1 - ie 

(4.2) 

uei 


= 1 + ^2{-iy e m ie 

(4.3) 

i e ei 


= slope for Mj. 

(4.4) 


□ 


We note that if Proposition 3.3 is reinterpreted geometrically as suggested at 
the conclusion of Section 3, these surfaces demonstrate obvious geometric symmetry 
corresponding to the numeric symmetry described here. 

Of course, most instances of repeated boundary slopes will not arise from the 
symmetry conditions in the above theorem. For example, the knot 814 with a = 31 
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and /3 = 12 has M = [2,1,1, 2,2], which is non-symmetric. Nonetheless it has 
two distinct continued fraction expansions corresponding to surfaces with slope 0 
and two continued fraction expansions corresponding to surfaces with slope 4. The 
slope zero surfaces correspond to the sub-tuples (1,3) and (3,5), while the slope 4 
surfaces arise from the sub-tuples (3) and (2,5). 

Finally, we note that while repeated boundary slopes are common, it is still 
possible to find infinite families of knots with no repeated slopes. The following 
theorem demonstrates a construction for many such families. 

Theorem 4.5. Let M = [mi, m 2 ,..., m*,] be a continued fraction expansion with 
mi > 0 for 1 < i < k, m & > 2, such that the corresponding 2-bridge link is a knot 
K. Suppose that mi > f or 1 < i < k. Then K has no repeated boundary 

slopes. 

Proof. Let / and J be distinct allow able sub-tuples for M, with I = (ii,i 2 ,..., i r ) 
and J = (ji, J 2 ,..., j s )- By Corollary |4.2| , the boundary slopes of Mj and Mj are 
equal if and only if l)** m h = X^=i( — l)^ TO h- Note too that if i r = j s , 

then Mj and Mj have the same boundary slope if and only if M and Mj> have 
the same slope, where /' = (ii,* 2 , 1 ) and J' — (ji,j 2 ,..., j s -i). Thus we may 

assume that i r j s . Reversing the roles of I and J as needed, we assume i r > j s . 

Consider the sum S = J^ =1 (—1 ) J£ m^ — (—l)**m^. Note that if i t = 

j u for any t with 1 < t < r — 1 and u with 1 < u < s, then the mj t = mj u 
terms will cancel in S', so that each term mj with 1 < £ < i r appears with total 
coefficient equal to -1, 0, or 1 in S. It follows that |S| < < m i r - But then 

(—1 ) lr mi r + (—l) if nii t 7 ^ an d hence the boundary slopes for 

Mj and Mj are distinct. □ 

Now it is easy to check, for example, that any continued fraction expansion 
whose entries are all odd and whose length is a multiple of 3 represents a knot. 
Then the following collection of continued fraction expansions gives an example of 
an infinite family of knots with no repeated slopes: 

M 3 = [3,7,15] 

M 6 = [3,7,15,31,63,127] 

3n—2 

M 3n = [3, 7,15,31,..., 3 • 2 3 "- 1 + ^ 2*] 

e=o 


Acknowledgements. The authors would like to thank Hans U. Boden for his sugges¬ 
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